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DEFORMATIONS OF RATIONAL CURVES IN POSITIVE
CHARACTERISTIC
KAZUHIRO ITO, TETSUSHI ITO, AND CHRISTIAN LIEDTKE
Abstract. We study deformations of rational curves and their singularities in pos-
itive characteristic. We use this to prove that if a smooth and proper surface in
positive characteristic p is dominated by a family of rational curves such that one
member has all δ-invariants (resp. Jacobian numbers) strictly less than (p − 1)/2
(resp. p), then the surface has negative Kodaira dimension. We also prove simi-
lar, but weaker results hold for higher dimensional varieties. Moreover, we show by
example that our result is in some sense optimal. On our way, we obtain a suffi-
cient criterion in terms of Jacobian numbers for the normalization of a curve over an
imperfect field to be smooth.
1. Introduction
A rational curve is a proper integral scheme over an algebraically closed field whose
normalization is isomorphic to the projective line P1. Rational curves are central to
higher dimensional algebraic geometry, as already indicated by the title of Kolla´r’s
fundamental book [23]. Let us shortly recall the situation in dimension two.
(i) In characteristic 0, it is well-known that rational curves on surfaces of non-
negative Kodaira dimension are topologically rigid, i.e., do not deform in
positive-dimensional families.
(ii) In characteristic p > 0, then the situation is different: Zariski gave exam-
ples of unirational surfaces of non-negative Kodaira dimension [55]. There-
fore, rational curves on surfaces of non-negative Kodaira dimension may not
be topologically rigid. However, in this case, the general member of such a
positive-dimensional family of rational curves is not smooth. (In some cases,
the singularities of the general member were studied by Shimada [47].)
This poses the interesting question what can be said about topological (non-)rigidity
of rational curves on varieties of non-negative Kodaira dimension in positive charac-
teristics.
We recall some classical invariants of singularities. Let C be an integral curve over
an algebraically closed field k of characteristic p > 0. For each closed point x ∈ C, the
δ-invariant and the Jacobian number of C at x are defined as follows:
(i) The δ-invariant is defined by δ(C, x) := dimk(π∗OC˜/OC)x, where π : C˜ → C
is the normalization morphism.
(ii) The Jacobian number is defined by jac(C, x) := dimk
(
OC/Fitt
1
OC
(Ω1C/k)
)
x
,
where Ω1C/k is the sheaf of Ka¨hler differentials on C and Fitt
1
OC
(Ω1C/k) ⊂ OC
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is the first Fitting ideal of Ω1C/k. There are several definitions of Jacobian
numbers in the literature. (See Section 4 for details.)
Next, we recall the notion of families of rational curves and uniruledness/unirationality
of varieties following [23]. Let X be a smooth, proper, and connected variety over k.
(i) A family of rational curves on X means a closed subvariety C ⊂ U ×X with
projections π : C → U and ϕ : C → X such that U is an integral variety over
k, π is proper flat, and every geometric fiber of π is an integral rational curve.
We say a rational curve C ⊂ X is topologically non-rigid if there exists a family
of rational curves (π, ϕ) on X with dim(ϕ(C )) ≥ 2 such that ϕ(Cu) = C for
some closed point u ∈ U . Otherwise, we say C is topologically rigid.
(ii) ([23, Definition IV.1.1.1]) We say X is unirational if there exists a dominant
rational map ψ : Pdim(X) 99K X . If there exists such a rational map ψ inducing
a separable extension of function fields, we say X is separably unirational. We
sayX is uniruled if there exist an integral variety Y with dim(Y ) = dim(X)−1
and a dominant rational map ψ : P1×Y 99K X . If there exists a such a rational
map ψ inducing a separable extension of function fields, we say X is separably
uniruled.
Here is the statement of our main theorem for surfaces.
Theorem 1.1. LetX be a smooth, proper, and connected surface over an algebraically
closed field k of characteristic p > 0. Assume that X contains a topologically non-rigid
rational curve C ⊂ X satisfying at least one of the following conditions:
(i) The δ-invariants of C are strictly less than (p− 1)/2 at every closed point.
(ii) The Jacobian numbers of C are strictly less than p at every closed point.
Then, X is separably uniruled and thus, has negative Kodaira dimension.
Remark 1.2. The converse to Theorem 1.1 is well-known. It follows from the classifi-
cation of surfaces. In fact, if X is a smooth, proper, and connected surface of negative
Kodaira dimension, then it is birationally equivalent to a ruled surface. Hence it
contains topologically non-rigid smooth rational curves. Both the δ-invariant and the
Jacobian number of a smooth point are 0.
Corollary 1.3. Let X be a smooth, proper, and connected surface of non-negative
Kodaira dimension over k. Let C ⊂ X be a rational curve.
(i) If the δ invariants are strictly less than (p − 1)/2 at every closed point of C,
then C is topologically rigid.
(ii) If the Jacobian numbers are strictly less than p at every closed point of C,
then C is topologically rigid.
(iii) If every singularity of C is a node, then C is topologically rigid.
(iv) If p ≥ 5 and every singularity of C is either a node or an ordinary cusp, then
C is topologically rigid.
(v) If C2 +KX · C < p− 3, then C is topologically rigid (see Corollary 8.1).
Remark 1.4. We believe that both invariants are useful: δ-invariants are more often
used in the literature and they can be bounded using intersection theory; see Corollary
8.1. On the other hand, a node x ∈ C satisfies δ(C, x) = jac(C, x) = 1, i.e., to conclude
the topological rigidity in Corollary 1.3 (iii) in small characteristics, we have to use
the criterion in terms of Jacobian numbers, since the criterion in terms δ-invariants
would only give topological rigidity for p ≥ 5.
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Remark 1.5. Our results are optimal in some sense. Concerning Theorem 1.1 and the
first two parts of Corollary 1.3, see Proposition 8.14 and Example 8.10. Concerning
Corollary 1.3 (iv), if p = 2 or 3, then there exist quasi-elliptic surfaces of non-negative
Kodaira dimension. Such surfaces admit a fibration whose general fiber is a rational
curve with an ordinary cusp; see Section 8.4.
Now, we come to our main results for varieties of higher dimensions.
Theorem 1.6. LetX be a smooth, proper, and connected variety over an algebraically
closed field k of characteristic p > 0 with dim(X) ≥ 2. Assume that there exist an
integral variety U with dim(U) = dim(X) − 1 and a closed subvariety C ⊂ U × X
with projections π : C → U and ϕ : C → X such that
(i) ϕ : C → X is dominant,
(ii) C gives rise to a family of rational curves on X , and
(iii) k(C ) ∩ k(X)sep is a separable extension of k(U) ∩ k(X)sep.
Moreover, we assume that there is a closed point u0 ∈ U which satisfies at least one
of the following conditions:
(iv) The δ-invariants of Cu0 are strictly less than (p− 1)/2 at every closed point.
(v) Cu0 is a local complete intersection rational curve on X whose Jacobian num-
bers are strictly less than p at every closed point.
Then, X is separably uniruled and thus, has negative Kodaira dimension.
Concerning the intersection in (iii), we let k(X)sep be the separable closure of k(X) in
a fixed algebraic closure k(X)alg of k(X). The generically finite morphism ϕ induces
a finite field extension k(X) ⊂ k(C ) and we may embed k(C ) into k(X)alg. Thus,
k(C ) ∩ k(X)sep is the separable closure of k(X) inside k(C ). We embed k(U) into
k(C ) via π.
Remark 1.7. By a theorem of Mac Lane [30], a field extension L/K in characteristic
p > 0 is separable if and only if L⊗K K1/p is a field.
Remark 1.8. If dim(X) ≥ 3, the condition (iii) is really necessary; see Proposition
8.21. It is related to the characteristic-p phenomenon of the existence of fibrations
between smooth varieties, whose geometric generic fiber is not reduced as in [34, 43, 45].
Remark 1.9. In the course of the proofs of main results of this article, we give a
sufficient criterion in terms of Jacobian numbers (resp. δ-invariants) for the smoothness
of the normalization of a curve over an imperfect field of characteristic p > 0. Such
results might be of independent interest. See Theorem 4.10 and Theorem 5.7 for
details.
This article is organized as follows. In Section 2, we recall some well-known results
about the Kodaira dimension, about separably uniruled varieties, and about bira-
tionally ruled varieties. In Section 3, we discuss rational curves, maps from curves
with rational components, and topological rigidity. In Section 4, we collect some basic
properties of Jacobian numbers of curves over arbitrary fields. In Section 5, we recall
the definition and basic properties of δ-invariants of curves over arbitrary fields. In
Section 6, we prove a lemma that is used in the proof of Theorem 1.1 and Theorem
1.6. In Section 7, we prove Theorem 1.6. Then, Theorem 1.1 is an easy consequence
of Theorem 1.6. Finally, in Section 8, we give some examples of topologically rigid and
topologically non-rigid rational curves on surfaces. We also give counterexamples to a
naive generalization of Theorem 1.1 to higher dimensions.
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2. The Kodaira dimension of separably uniruled varieties
Let k be an arbitrary field. In this article, for simplicity, a variety over k means
a separated scheme of finite type over k. A surface over k means a variety of pure
dimension 2 over k. Moreover, a curve over k means a variety of pure dimension 1
over k.
The following result is well-known.
Proposition 2.1. Let X be a smooth, proper, and connected variety over an alge-
braically closed field k.
(i) If X is separably uniruled, then X has negative Kodaira dimension.
(ii) Moreover, if X is a surface, then the following are equivalent:
(a) X is birationally equivalent to a ruled surface.
(b) X is separably uniruled.
(c) X has negative Kodaira dimension.
Proof. (i) If X is separably uniruled, then H0(X,K⊗mX ) = 0 for every m ≥ 1; see [23,
Corollary IV.1.11]. Hence, X has negative Kodaira dimension.
(ii) This follows from the classification of surfaces; see [2, Theorem 13.2], for example.

Remark 2.2. It is conjectured that the converse to Proposition 2.1 (i) holds (at least
in characteristic zero); see [23, Conjecture IV.1.12] for details and partial results in
this direction.
Lemma 2.3. Let X be a smooth, proper, and connected variety over an algebraically
closed field k. Let C be a smooth, proper, and connected curve over k of genus g ≥ 1.
Then, X is separably uniruled if and only if X × C is separably uniruled.
Proof. Obviously, if X is separably uniruled, then X×C is separably uniruled. Con-
versely, assume that X × C is separably uniruled. By [23, Theorem IV.1.9], there
exists a free morphism f : P1 → X × C. Namely, H1(P1, f ∗TX×C) = 0 and f ∗TX×C is
generated by global sections, where TX×C denotes the tangent sheaf of X × C. Since
the genus g of C is strictly larger than 0, the image of the morphism P1 → C, which
is the composition of f and the projection onto the second factor pr2 : X × C → C is
a closed point. Hence f factors as P1 → X → X × C. Since f is a free morphism, it
follows that P1 → X is also free. Using [23, Theorem IV.1.9] again, we conclude that
X is separably uniruled. 
3. Families of rational curves and maps from curves with rational
components.
In this section, we fix some definitions and recall some basic properties of topologi-
cally non-rigid rational curves and maps from curves with rational components. The
standard reference for rational curves on varieties is Kolla´r’s book [23]. The following
definitions of rational curves and maps from curves with rational components will be
used in this article. (Slightly different notions might be used in the literature, but
there should be no major differences.)
Definition 3.1. Let X be a proper variety over an algebraically closed field k. Let U
be an integral variety over k.
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(i) A rational curve on X is an integral closed subvariety C ⊂ X of dimension 1,
whose normalization is isomorphic to P1 over k.
(ii) A flat family of rational curves parameterized by U is a proper flat morphism
π : C → U such that, for every geometric point s → U , the geometric fiber
Cs := s ×U C is an integral rational curve over the residue field κ(s). More
generally, a flat family of curves with rational components parameterized by
U is a proper flat morphism π : C → U such that, for every geometric point
s → U , the geometric fiber Cs is a reduced curve over κ(s) whose irreducible
components are rational curves.
(iii) A family of rational curves on X parametrized by U is a closed subscheme
C ⊂ U × X such that the projection π : C → U is a flat family of rational
curves. Let ϕ : C → X be the projection to X .
A rational curve C ⊂ X is said to be topologically non-rigid if there exists
a family of rational curves (π, ϕ) on X with dim(ϕ(C )) ≥ 2 and ϕ(Cu) = C
for some closed point u ∈ U . Otherwise, we say C is topologically rigid.
(In particular, a topologically rigid curve in our sense is allowed to deform
infinitesimally on X , but not in a positive dimensional family.)
(iv) A map from a family of rational curves to X parametrized by U is a pair of
morphisms π : C → U and ϕ : C → X over k such that
(a) π is a flat family of rational curves, and
(b) dim(ϕ(Cs)) = 1 for every geometric point s→ U .
(v) A map from a curve with rational components to X is a morphism f : C → X
over k such that
(a) C is a reduced curve over k whose irreducible components are rational
curves, and
(b) the image f(C) is of pure dimension 1.
We say f : C → X is a generic immersion if the restriction of f to an open
dense subset of C is an immersion.
(vi) A map from a family of curves with rational components to X parametrized
by U is a pair of morphisms π : C → U and ϕ : C → X over k such that
(a) π is a flat family of curves with rational components, and
(b) for every geometric point s→ U , the induced map ϕs : Cs → Xs is a map
from a curve with rational components to Xs.
(vii) A map from a curve with rational components f : C → X over k is topologically
non-rigid if there exists a pair (π, ϕ) as in (vi) such that
(a) dimϕ(C ) ≥ 2, and
(b) ϕu0 : Cu0 → X is identified with f for some closed point u0 ∈ U .
If there does not exist such a pair (π, ϕ), then we say that f is topologically
rigid.
Lemma 3.2. Let X be a proper and integral variety over an algebraically closed field
k, and let U be an integral variety over k. Let π : C → U and ϕ : C → X be morphisms
over k. Assume that C is reduced and that π is proper and flat with one-dimensional
fibers. Let W := (π × ϕ)(C ) be the image of π × ϕ : C → U ×X endowed with the
reduced induced subscheme structure. Let pr1 : W → U be the projection onto the
first factor.
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(i) Assume that the fiber Cu is reduced for some closed point u ∈ U . Then, there
exists an open dense subset U ′ ⊂ U such that the fiber pr−11 (s) := s×U W is
reduced for every geometric point s→ U ′.
(ii) Assume moreover that X is a smooth, proper, and connected surface, U is a
smooth curve, C is irreducible, and the fiber Cu0 is generically reduced and
ϕu0 : Cu0 → X is a generic immersion for some closed point u0 ∈ U . Then,
there exists an open neighborhood u0 ∈ U ′ ⊂ U such that the fiber pr−11 (s) is
reduced for every geometric point s→ U ′.
Proof. (i) Let η → U be the geometric generic point. The fiber pr−11 (η) is the
schematic image of the morphism Cη → X⊗k κ(η). Since Cη is reduced by [EGAIV-3,
The´ore`me 12.2.4 (v)], it follows that pr−11 (η) is reduced. After possibly shrinking U ,
the fiber pr−11 (s) is reduced for every geometric point s→ U by [EGAIV-3, The´ore`me
12.2.4 (v)].
(ii) It is enough to show that the fiber pr−11 (u0) is reduced; see [EGAIV-3, The´ore`me
12.2.4 (v)]. Since U ×X is smooth over k, its reduced closed subscheme W ⊂ U ×X
is a Cartier divisor. Moreover W is flat over U since U is a smooth curve over k. Since
pr−11 (u0) has no embedded points by [29, Chapter 8, Proposition 2.15], we only need
to prove that it is generically reduced; see [29, Chapter 7, Exercise 1.2]. We consider
Cu0 = π
−1(u0) ⊂ C and pr−11 (u0) ⊂ W as Cartier divisors on C and W , respectively.
Since Cu0 = (π × ϕ)∗pr−11 (u0), we have the following equality of 1-cycles on W :
(π × ϕ)∗[Cu0 ] = (π × ϕ)∗
(
(π × ϕ)∗[pr−11 (u0)]
)
= d · [pr−11 (u0)],
where d := [k(C ) : k(W )] is the extension degree of function fields; see [29, Theorem
7.2.18]. By our assumptions on ϕu0, we have d = 1 and thus, the Cartier divisor
pr−11 (u0) ⊂ W has multiplicity one. Consequently, the fiber pr−11 (u0) is generically
reduced. 
The following result is well-known, at least in characteristic zero. We give a brief
sketch of the proof for the reader’s convenience. (See also [23, Proposition IV.1.3].)
Proposition 3.3. For a proper and integral variety X with dim(X) ≥ 2 over an
algebraically closed field k, the following conditions are equivalent:
(i) X is uniruled.
(ii) X is dominated by a family of rational curves on X , i.e., there exist an integral
variety U with dim(U) = dim(X)− 1 and a closed subvariety C ⊂ U ×X as
in Definition 3.1 (iii) such that ϕ : C → X is dominant.
(iii) X is dominated by a family of curves with rational components, i.e., there
exist an integral variety U with dim(U) = dim(X)− 1 and a pair (π, ϕ) as in
Definition 3.1 (vi) such that ϕ : C → X is dominant.
Proof. (i)⇒ (iii): Assume that X is uniruled. Then there exists a dominant rational
map ψ : P1 × Y 99K X with dim(Y ) = dim(X) − 1. Shrinking Y if necessary, we
may assume Y is smooth. Then, ψ is defined in codimension 1 and thus, there exists a
closed subvariety Z ⊂ P1×Y with dim(Z) ≤ dim(Y )−1 such that ψ is defined outside
Z. Removing pr2(Z) from Y , we may assume that ψ is defined everywhere. Then,
ψ : P1 × Y → X gives rise to a map from a family of curves with rational components
parametrized by Y and dominating X .
(iii)⇒ (ii): Take a pair (π, ϕ) as in Definition 3.1 (vi). Replacing C by an irreducible
component that dominates X and shrinking U , we may assume that the fiber pr−11 (s)
DEFORMATIONS OF RATIONAL CURVES 7
of the image W := (π × ϕ)(C ) is an integral rational curve for every geometric point
s→ U by Lemma 3.2 (i).
(ii) ⇒ (i): Choose a closed subvariety C ⊂ U × X as in Definition 3.1 (iii). Let
K := k(U) be the function field of U . After replacing U by a finite covering U ′ → U
and replacing C by the normalization of the base change C ×U U ′, we find a dominant
morphism C → X such that the generic fiber CK is a geometrically irreducible and
smooth curve over K; see [EGAIV-4, Proposition 17.15.14]. Moreover, shrinking U
further and replacing U by an e´tale covering, we may assume that C → U is a P1-
bundle. Hence, X is uniruled. 
4. Jacobian numbers of curves over arbitrary fields
In this section, we fix an arbitrary field k of characteristic p ≥ 0 and we recall the
definition and basic properties of Jacobian numbers of curves over k. Most of the
results in this section are well-known if k = C. We also give brief proofs of the results
recalled in this section because we need to apply them to curves over function fields
of curves, for which we could not find appropriate references.
4.1. Definition of Jacobian numbers. Let kalg be an algebraic closure of k and let
ksep be the separable closure of k in kalg. Let C be a curve over k. (Note that in this
article, a curve over k is possibly non-proper, non-reduced, or reducible.) Let Ω1C/k be
the sheaf of Ka¨hler differentials on C and let Fitt1OC (Ω
1
C/k) ⊂ OC be the first Fitting
ideal of Ω1C/k. (For the definition and basic properties of Fitting ideals, we refer to [16,
Section 16.29].)
Definition 4.1. For a closed point x ∈ C, the Jacobian number of C at x is defined
by jac(C, x) := dimk
(
OC/Fitt
1
OC
(Ω1C/k)
)
x
.
Remark 4.2. There are several definitions of Jacobian numbers in the literature. In
this article, we adopt Schro¨er’s definition in terms of Fitting ideals; see [44, Section
3, p. 64]. The advantage of this definition is that it makes sense for all curves and
that it behaves well scheme-theoretically. For plane curves, it coincides with the more
traditional definition of Jacobian numbers (as in [7], [15], or [54]) in terms of the
dimension of Ext1 of sheaves, or in terms of the ideal generated by partial derivatives
of the defining equation; see Proposition 4.7 and Corollary 4.13 for details.
Proposition 4.3. Let C be a curve over k. For a closed point x ∈ C, we have
jac(C, x) = 0 if and only if C is smooth at x.
Proof. We have jac(C, x) = 0 if and only if Ω1C/k is locally free of rank 1 in an open
neighborhood of x; see [16, Remark 16.30]. Hence, by [29, Chapter 6, Proposition 2.2],
we have jac(C, x) = 0 if and only C is smooth at x. 
The closed subscheme of C defined by Fitt1
OC
(Ω1C/k) is called the Jacobian subscheme
and by the previous proposition, its support coincides with the non-smooth locus of
C over k. We say a curve C over k is geometrically reduced if C ⊗k kalg is reduced. If
C is geometrically reduced, then the smooth locus of C over k is open and dense. It
follows that we have jac(C, x) = 0 for all but finitely many closed points x ∈ C and
that we have jac(C, x) <∞ for every closed point x ∈ C.
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4.2. Regular curves over imperfect fields with small Jacobian numbers.
Proposition 4.4. Let k be a field of characteristic p > 0 that is not necessarily
perfect. Let C be a curve over k. Assume that the Jacobian numbers of C are strictly
less than p at every closed point of C, and C is a regular scheme. Then, C is smooth
over k.
Proof. Seeking a contradiction, assume that there exists a closed point x ∈ C such
that C → Spec k is not smooth around x. Since C was assumed to be regular, it
follows that the residue field extension κ(x)/k is not separable; see [44, Proposition
3.2]. In particular, [κ(x) : k] is divisible by p. Hence the dimension of the stalk
(OC/Fitt
1
OC
(Ω1C/k))x as a k-vector space is divisible by p. (See also [44, Lemma 3.3
and Proposition 3.6].) On the other hand, since jac(C, x) < p, we have jac(C, x) = 0.
Since C is not smooth around x, this contradicts Proposition 4.3. 
4.3. Closed subschemes and finite base change.
Proposition 4.5. Let C and C ′ be curves over a field k together with a closed im-
mersion i : C ′ →֒ C. For every closed point x ∈ C ′, we have jac(C ′, x) ≤ jac(C, x).
Proof. Since i is a closed immersion, we have a natural surjection i∗Ω1C/k → Ω1C′/k;
see [29, Chapter 6, Proposition 1.24(d)]. Hence, we have
i∗ Fitt1OC (Ω
1
C/k) = Fitt
1
OC′
(i∗Ω1C/k) ⊂ Fitt1OC′ (Ω1C′/k),
from which the assertion follows. 
Proposition 4.6. Let C be a curve over a field k and let k′/k be a field extension.
We set Ck′ := C ⊗k k′ and denote by p : Ck′ → C the natural morphism. For every
closed point x ∈ C, we have jac(C, x) =∑y∈p−1(x) jac(Ck′, y).
Proof. Since p∗Ω1C/k = Ω
1
Ck′/k
′, we have p∗ Fitt
1
OC
(Ω1C/k) = Fitt
1
OC
k′
(Ω1Ck′/k′); see [16,
Proposition 16.29 (3)]. The assertion easily follows from this equality. 
4.4. Local complete intersection curves. In this subsection, we study Jacobian
numbers of curves that are local complete intersections ; for the definition of this notion,
see [29, Chapter 6, Definition 3.17]. For a local complete intersection curve C, we
can calculate Jacobian numbers using dualizing sheaves: we have a canonical map
cC/k : Ω
1
C/k → ωC/k, called the class map, from the sheaf of Ka¨hler differentials Ω1C/k
to the dualizing sheaf ωC/k; see [29, Chapter 6, Corollary 4.13].
Proposition 4.7. Let C be a local complete intersection curve over k. For a closed
point x ∈ C, we have jac(C, x) = dimk Coker(cC/k)x. Moreover, if C is geometrically
reduced, then we have
jac(C, x) = dimk Coker(cC/k)x = dimk Ext
1
OC,x
(Ω1C/k,x,OC,x).
Proof. The first equality follows from an explicit description of the class map cC/k as
in [29, Chapter 6, Section 6.4.2]. Let us briefly recall it. Since C is a local complete
intersection over k, there exists an affine open neighborhood U of x ∈ C such that U ∼=
SpecA , where A = k[T1, . . . , Tn+1]/I for an ideal I = (F1, . . . , Fn) of k[T1, . . . , Tn+1].
The dualizing module ωA/k := Γ(U, ωU/k) is given by
det(I/I2)∨ ⊗A
(
det(Ω1k[T1,...,Tn+1]/k)⊗k[T1,...,Tn+1] A
)
.
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It is a free A-module of rank one with basis
e := (F 1 ∧ · · · ∧ F n)∨ ⊗ ((dT1 ∧ · · · ∧ dTn+1)⊗ 1A) ,
where F i is the image of Fi in I/I
2 and where 1A ∈ A is the identity; see [29, Chapter 6,
Lemma 4.12]. With respect to this basis, the class map cU/k is given by cU/k : Ω
1
A/k →
ωA/k, dti 7→ ∆i · e. Here, dti ∈ Ω1A/k is the image of Ti in Ω1A/k under the universal
derivation and ∆i ∈ A denotes the determinant of the Jacobian matrix (∂Fi/∂Tj)i,j
with i.th column removed. Therefore, under the isomorphism A ∼= ωA/k that sends 1A
to e, the ideal of A corresponding to the image of the class map cU/k is equal to the
first Fitting ideal Fitt1A(Ω
1
A/k); see [16, Section 16.9]. This establishes the first equality.
The second equality was essentially proved by Rim in [40]. However, there it is
somewhat implicit in the proofs of the main theorems of [40], as well as under the
additional assumption that k is perfect. Let us briefly explain how to deduce the
second equality from the results in [40]: since the statement is local, we may use the
same setup and notation as before. Shrinking U if necessary, we may assume U\{x}
is smooth over k. Let (Ω1A/k)tors be the torsion submodule of Ω
1
A/k, i.e.,
(Ω1A/k)tors :=
{
m ∈ Ω1A/k | there is a regular element a ∈ A such that am = 0
}
.
Rim proved the equality lengthA(Ω
1
A/k)tors = lengthA(Coker cU/k) using the generalized
Koszul complexes of Buchsbaum-Rim; see [40, Theorem 1.2 (ii)] and [40, Corollary 1.3
(ii)]. (In fact, [40, Theorem 1.2 (ii)] is a general result in commutative algebra, which
is valid for Cohen-Macaulay algebras. The perfectness of the base field was not used
there.) Let mx ⊂ A be the maximal ideal corresponding to x ∈ C and let Ax be the
localization of A. Since U\{x} is smooth over k, we have (Ω1A/k)tors = (Ω1Ax/k)tors,
which is an Ax-module of finite length. Since Ax is a one-dimensional Gorenstein local
ring, Grothendieck’s local duality gives an isomorphism
Ext1Ax
(
Ω1Ax/k, ωAx/k
) ∼= HomAx (H0mx(Ω1Ax/k), E(Ax/mx)) ,
where E(Ax/mx) is an injective hull of the residue field Ax/mx; see [6, Theorem 3.5.8].
Since Ax is a Cohen-Macaulay ring and (Ω
1
Ax/k
)tors is a module of finite length, we have
H0mx(Ω
1
Ax/k
) = (Ω1Ax/k)tors. The right hand side of the above isomorphism is identified
with the Matlis dual of (Ω1Ax/k)tors. Since Matlis duality preserves the length of Ar-
tinian modules (see [6, Proposition 3.2.12]), we have lengthAx Ext
1
Ax(Ω
1
Ax/k
, ωAx/k) =
lengthAx(Ω
1
Ax/k
)tors. Since ωAx/k is a free Ax-module of rank one, the second equality
of this proposition follows from above results. 
Remark 4.8. Proposition 4.7 is well-known if C is a plane curve over the complex
numbers; see, for example [7, Lemma 1.1.2, Corollary 6.1.6] or [15, Chapter II, p. 317,
the proof of Lemma 2.32]. The second equality in Proposition 4.7 was attributed
to Rim in [12, Proposition 2.2]. We refer to the proof of [12, Proposition 2.2] for a
historical account.
Proposition 4.9. Let C and C ′ be two reduced local complete intersection curves
over k. Let f : C ′ → C be a finite morphism over k and assume that there exists
an open dense subset U ⊂ C such that the restriction f |f−1(U) : f−1(U) → U is an
isomorphism. Let g be the composition Ω1C/k → f∗Ω1C′/k → f∗
(
Ω1C′/k/Ker(cC′/k)
)
. If
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x ∈ C is a closed point, then
jac(C, x) = dimk Coker(g)x + dimk ((f∗OC′)/OC)x +
∑
y∈f−1(x)
jac(C ′, y).
In particular, for every closed point y ∈ C ′ lying above x, we have jac(C ′, y) ≤
jac(C, x).
Proof. We have the following the sequence of homomorphisms of OC-modules
Ω1C/k
g
// f∗
(
Ω1C′/k/Ker(cC′/k)
)f∗cC′/k
// f∗ωC′/k
h
// ωC/k,
whose composition is equal to the class map cC/k. By assumption, h is generically an
isomorphism. Since C ′ is reduced and a local complete intersection, ωC′/k is torsion
free. Hence, h is injective. Moreover, f∗cC′/k is injective. We obtain the two short
exact sequences
0 // Coker(g) // Coker(cC/k) // Coker(h ◦ f∗cC′/k) // 0
and
0 // f∗Coker(cC′/k) // Coker(h ◦ f∗cC′/k) // Coker(h) // 0.
Taking dimensions of the stalks, we obtain the following equality
jac(C, x) = dimk Coker(g)x + dimk Coker(h)x + dimk
(
f∗Coker(cC′/k)
)
x
.
By Proposition 4.7, the last term is equal to the sum
∑
y∈f−1(x) jac(C
′, y).
It remains show dimk Coker(h)x = dimk ((f∗OC′)/OC)x. We put A := OC,x. Then,
B := Γ(C ′ ⊗C SpecA, OC′⊗CSpecA) is a finite semi-local A-algebra. We have a short
exact sequence of A-modules 0→ A→ B → B/A→ 0. By assumption, the A-module
B/A is of finite length. Since A is a local complete intersection, it is Gorenstein,
and thus, the dualizing module ωA is a free A-module of rank 1. Hence we have
HomA(B/A, ωA) = 0 and H
0
mA
(B/A) = B/A, where mA denotes the maximal ideal
of A. By Grothendieck’s local duality [6, Theorem 3.5.8], we have Ext1A(B, ωA) =
HomA
(
H0mA(B), E(A/mA)
)
= 0. We also have HomA(A, ωA) = ωA. Hence, we obtain
the following short exact sequence:
0 // HomA(B, ωA)
h
// ωA // Ext
1
A(B/A, ωA) // 0.
Grothendieck’s local duality gives an isomorphism
Ext1A(B/A, ωA)
∼= HomA
(
H0mA(B/A), E(A/mA)
)
.
The right hand side is the Matlis dual of B/A because H0mA(B/A) = B/A. Since
Matlis duality preserves lengths (see [6, Proposition 3.2.12]), we have
lengthA(Coker(h)) = lengthA Ext
1
A(B/A, ωA) = lengthA(B/A).
Therefore we have dimk Coker(h)x = dimk ((f∗OC′)/OC)x. 
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4.5. A criterion for the normalization of a curve being smooth. In this sub-
section, we give a sufficient condition in terms of Jacobian numbers for the smoothness
of the normalization of local complete intersection curves.
Theorem 4.10. Let C be an integral curve over a (possibly imperfect) field k of
characteristic p > 0. Assume that C is local complete intersection over k, and the
Jacobian numbers of C are strictly less than p at every closed point of C. Let π : C˜ → C
be the normalization morphism. Then C˜ is smooth over k.
Proof. Since C˜ and Spec k are both regular schemes, the morphism C˜ → Spec k is a
local complete intersection; see [29, Chapter 6, Example 3.18]. By Proposition 4.9, we
have jac(C˜, y) ≤ jac(C, x) < p for all closed points x ∈ C and y ∈ C˜ with π(y) = x.
Hence, C˜ is smooth over k by Proposition 4.4. 
Remark 4.11. Theorem 4.10 is in some sense optimal; see Lemma 8.13 for the con-
struction of a non-smooth regular curve over an imperfect field which has a singular
point of Jacobian number p.
4.6. Jacobian numbers and completions.
Proposition 4.12. Let C and C ′ be curves over k. Let x ∈ C and x′ ∈ C ′ be
closed points, such that the completed local rings are isomorphic, i.e., there exists an
isomorphism of k-algebras ÔC,x ∼= ÔC′,x′. Then, we have jac(C, x) = jac(C ′, x′).
Proof. It is enough to show that the Jacobian number jac(C, x) can be calculated in
terms of the completed local ring ÔC,x. We set A := OC,x and Â := ÔC,x and let Ω
1
C/k,x
be the stalk of Ω1C/k at x. By definition, we have jac(C, x) = dimk
(
A/Fitt1A(Ω
1
C/k,x)
)
.
If A/Fitt1A(Ω
1
C/k,x) is a finite dimensional k-vector space, then there exists some N ≥ 1
such that mNA ⊂ Fitt1A(Ω1C/k,x), where mA ⊂ A is the maximal ideal. Hence, we find
A/Fitt1A(Ω
1
C/k,x)
∼= (A/Fitt1A(Ω1C/k,x))⊗A Â ∼= Â/
(
Fitt1A(Ω
1
C/k,x)⊗A Â
)
Moreover, we have Fitt1A(Ω
1
C/k,x) ⊗A Â = Fitt1Â(Ω1C/k,x ⊗A Â) since the formation of
Fittings ideals commutes with base change. Combining these results, we find
jac(C, x) = dimk
(
Â/Fitt1
Â
(Ω1C/k,x ⊗A Â)
)
.
We note that the right hand side of this equation depends only on the completion
Â = ÔC,x since Ω
1
C/k,x ⊗A Â ∼= lim←−n
(
Ω1
Â/k
/mn
Â
Ω1
Â/k
)
, where mÂ ⊂ Â is the maximal
ideal; see [24, Corollary 12.10]. If jac(C, x) =∞, then we also have
jac(C, x) = dimk
(
Â/Fitt1
Â
(Ω1C/k,x ⊗A Â)
)
,
because the homomorphism
A/Fitt1A(Ω
1
C/k,x) →
(
A/Fitt1A(Ω
1
C/k,x)
)⊗A Â ∼= Â/Fitt1Â(Ω1C/k,x ⊗A Â)
is faithfully flat and hence, injective. 
Corollary 4.13. Let C be a curve over k and let x ∈ C(k) be a k-rational point. If the
complete local ring ÔC,x is isomorphic to k[[S, T ]]/(f) for some non-zero formal power
series f ∈ k[[S, T ]] with f(0, 0) = 0, then we have jac(C, x) = dimk (k[[S, T ]]/(fS, fT , f)).
Here, fS and fT are the derivatives of f with respect to S and T , respectively.
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Proof. We set Â := ÔC,x ∼= k[[S, T ]]/(f). By the proof of Proposition 4.12, it is
enough to calculate the first Fitting ideal of lim←−n
(
Ω1
Â/k
/mn
Â
Ω1
Â/k
)
, where mÂ ⊂ Â is
the maximal ideal. This Â-module can be calculated as follows: we have
Ω1
Â/k
/mN
Â
Ω1
Â/k
∼=
(
(Â/mN
Â
)dS ⊕ (Â/mN
Â
)dT
)
/JN ,
where JN is the (Â/m
N
Â
)-module generated by the image of df := fS dS + fT dT .
Taking the projective limit with respect toN , we have lim←−N (Ω
1
Â/k
/mN
Â
Ω1
Â/k
) ∼= (Â dS⊕
Â dT )/Ĵ , where Ĵ is the Â-module generated by the image of df in Â dS⊕ Â dT . From
this, we see that the first Fitting ideal of the above Â-module is generated by fS and
fT . 
4.7. Jacobian numbers of curves in characteristic 2. As often in characteristic
p geometry, the situation is different if p = 2.
Proposition 4.14. Let C be a curve over an algebraically closed field k of character-
istic 2 and let x ∈ C be a closed point. If the complete local ring ÔC,x is isomorphic
to k[[S, T ]]/(f) for some non-zero formal power series f ∈ k[[S, T ]] with f(0, 0) = 0,
then the Jacobian number jac(C, x) is different from 2.
Proof. We have jac(C, x) = dimk (k[[S, T ]]/(fS, fT , f)), where fS, fT are the deriva-
tives of f with respect to S, T , respectively; see Corollary 4.13. We write f in the form
f =
∑
∞
i=1 fi, where fi is homogeneous of degree i. If f1 6= 0, then fS or fT is a unit in
k[[S, T ]] and then, we have jac(C, x) = 0. Next, we write f2 as f2 = aST + bS
2 + cT 2
for some a, b, c ∈ k. If f1 = 0 and a = 0, then we have (fS, fT , f) ⊂ (ST, S2, T 2) (here,
we use the condition p = 2) and find jac(C, x) ≥ dimk (k[[S, T ]]/(ST, S2, T 2)) = 3.
Finally, we assume f1 = 0 and a 6= 0. We claim that x ∈ C is a node: we write f2 as
f2 = aST + bS
2 + cT 2 = (uS + vT ) · (u′S + v′T ),
for some u, v, u′, v′ ∈ k, and where the terms uS + vT and u′S + v′T are linearly
independent since a 6= 0 and p = 2. As in [17, Chapter I, Example 5.6.3], we find an
automorphism of k[[S, T ]] that sends S, T to g, h, respectively, such that f = gh. This
shows that x ∈ C is a node and thus, jac(C, x) = 1; see Proposition 8.2. 
4.8. Upper semicontinuity of Jacobian numbers.
Proposition 4.15. Let U be a Noetherian integral scheme. Let π : C → U be a flat
family of proper and geometrically reduced curves parameterized by U . Let u0 ∈ U be
a closed point, let N be a non-negative integer, and assume that the Jacobian numbers
of Cu0 are smaller than or equal to N at every closed point. Then, there exists a non-
empty open subset U ′ ⊂ U such that for every point x ∈ U ′ (not necessarily closed)
the Jacobian numbers of the curve Cx ⊗κ(x) κ(x)sep over κ(x)sep are smaller than or
equal to N at every closed point. (We do not require the open subset U ′ contains the
closed point u0.)
Proof. Since the smooth locus of π : C → U is dense in every fiber, the support
of OC /Fitt
1
OC
(Ω1
C /U) has only finitely many closed points in each fiber of π. Let
iZ : Z →֒ C be the closed subscheme of C defined by Fitt1OC (Ω1C /U). The morphism
Z → U is finite because it is both proper and quasi-finite. Let η ∈ U be the generic
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point, let Cη := C ×U η be the generic fiber, and let t1, . . . , tn be closed points of Cη
such that Zη = { t1, . . . , tn }.
We put u0 := Specκ(u0)
sep → U , which is a geometric point above u0. Let U˜u0 be the
strict Henselization of U relative to u0. Then, every connected component of Z×U U˜u0
has a unique element above the closed point of U˜u0 . Since the strict Henselization is a
direct limit of e´tale neighborhoods of u0, we may assume, after possibly replacing U
by an e´tale neighborhood of u0, that every connected component of Z ×U SpecOU,u0
has a unique element above u0. (Here we use Proposition 4.6: for a field extension
k′/κ(u0), the Jacobian numbers of Cu0 ⊗κ(u0) k′ are also smaller than or equal to N .
Hence, it is enough to prove the assertion after shrinking U and replacing U by an
e´tale neighborhood of u0.)
Let W be a connected component of Z ×U SpecOU,u0 that intersects non-trivially
with the generic fiber Zη. We put A := OU,u0 and B := OW . Then, B is a finite
A-algebra. Let s ∈ W be the unique element above u0. We have
jac(Cu0 , s) = dimA/mA (B ⊗A (A/mA)) ,
where mA ⊂ A is the maximal ideal corresponding to u0. Similarly, for every point
ti ∈ W in the generic fiber, we have
jac(Cη, ti) = dimFrac(A) (B ⊗A Frac(A))pi ,
where pi is the prime ideal of B ⊗A Frac(A) corresponding to ti. Then, we have∑
ti∈W
jac(Cη, ti) = dimFrac(A) (B ⊗A Frac(A))
≤ dimA/mA (B ⊗A (A/mA))
= jac(Cu0, s)
by Nakayama’s lemma. Since we assumed jac(Cu0 , s) ≤ N , we have jac(Cη, ti) ≤ N
for every ti ∈ W . This shows the assertion of this proposition for the generic fiber.
Replacing U by an e´tale neighborhood of η if necessary, we may assume that the
following three conditions are satisfied:
(i) the residue fields at ti for i = 1, . . . , n are purely inseparable extensions of
κ(η),
(ii) the Zariski closures {ti} ⊂ Z for i = 1, . . . , n, do not intersect with each other
over U , and
(iii) the morphism Z → U is flat.
Let u ∈ U be a point, which is not necessarily closed. Since the {ti} (1 ≤ i ≤ n) do
not intersect over u ∈ U and since the morphism Z → U is flat, for each element s ∈ Z
above u, there is a unique integer i with s ∈ {ti}. We note that the Zariski closure
{ti} of ti in Z ×U SpecOU,u is a connected component of Z ×U SpecOU,u and s is the
unique element of {ti} above u. Since Γ({ti},OZ×USpecOU,u) is a free OU,u-module of
finite rank, by the same argument as before, we have jac(Cη, ti) = jac(Cu, s). Hence,
we have jac(Cu, s) ≤ N . 
5. δ-invariants of curves over arbitrary fields
In this section, we briefly recall the definition and the basic properties of δ-invariants
which we need. For a curve over an algebraically closed field, we define δ-invariants
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in the usual way. For a curve over an imperfect field, we basically only consider the
δ-invariants of the base change of the curve to an algebraically closed field because
we want to study non-smooth points rather than non-regular points. Therefore, it is
useful to introduce a variant of the δ-invariant, which we call the geometric δ-invariant,
of a closed point of a curve over an arbitrary field.
Let C be a geometrically reduced curve over a field k. We put C := C ⊗k kalg. Let
π : C˜ → C be the normalization morphism. Let p : C → C be the natural morphism.
Definition 5.1. For a closed point x ∈ C, the δ-invariant of C at x is defined to be
δ(C, x) := dimkalg(π∗O˜C/OC)x. For a closed point x ∈ C, the geometric δ-invariant of
C at x is defined to be δ(C, x) :=
∑
y∈p−1(x) δ(C, y).
We collect some basic properties, which can be verified immediately.
Proposition 5.2. Let C be a geometrically integral curve over a field k. Let π : C˜ → C
be the normalization morphism. If C˜ is smooth over k, we have δ(C, x) = dimk(π∗OC˜/OC)x.
Proposition 5.3. Let C be a geometrically reduced curve over a field k. For a closed
point x ∈ C, we have δ(C, x) = 0 if and only if C is smooth at x.
Proposition 5.4. Let C and C ′ be geometrically reduced curves over a field k together
with a closed immersion i : C ′ →֒ C. For every closed point x ∈ C ′, we have δ(C ′, x) ≤
δ(C, x).
Proposition 5.5. Let C be a geometrically reduced curve over a field k and let k′/k
be a field extension. We denote by p : Ck′ = C ⊗k k′ → C the natural morphism. For
every closed point x ∈ C, we have δ(C, x) =∑y∈p−1(x) δ(Ck′, y).
Proposition 5.6. Let C and C ′ be two geometrically reduced curves over a field k.
Let f : C ′ → C be a finite morphism over k and assume that there exists an open dense
subset U ⊂ C such that the restriction f |f−1(U) : f−1(U) → U is an isomorphism. If
x ∈ C is a closed point, then δ(C, x) = dimk(f∗OC′/OC)x +
∑
y∈f−1(x) δ(C
′, y).
We give a sufficient criterion in terms of δ-invariants for the smoothness of the
normalization of a curve over a possibly imperfect field.
Theorem 5.7. Let C be a regular and geometrically integral curve over a (possibly
imperfect) field k of characteristic p > 0. We put C := C ⊗k kalg. Assume that
δ(C, x) < (p− 1)/2 for every closed point x ∈ C. Then C is smooth over k.
Proof. By Proposition 5.5, after replacing k by its finite separable extension, we may
assume that δ(C, x) < (p − 1)/2 for every closed point x ∈ C. We choose a finite
extension k′/k, such that the normalization C˜k′ of Ck′ is smooth over k
′. We have
to show that OCk′ ,x is regular for every closed point x ∈ Ck′. We fix a closed point
x ∈ Ck′ and set A := OCk′ ,x. Let B be the normalization of A, which is a finite
semi-local A-module. We will use the same notation as in the proof of Proposition 4.9.
The conductor ideal I ⊂ A is defined by the image of the map h : HomA(B,A)→ A,
φ 7→ φ(1). It turns out that I is an ideal of B. As in the proof of Proposition 4.9,
we have lengthA(Coker(h)) = lengthA(B/A). Since A/I is isomorphic to Coker(h) as
an A-module, we have lengthA(A/I) = lengthA(B/A). By the following short exact
sequence of A-modules 0 → A/I → B/I → B/A → 0, we have lengthA(B/I) = 2 ·
lengthA(B/A). If A is not regular, we have lengthA(B/I) ≥ p−1 by [37, Theorem 1.2].
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This implies dimk′(B/A) = [κ(x) : k
′] · lengthA(B/A) ≥ (p−1)/2. Since C˜k′ is smooth,
we have δ(Ck′, x) = dimk′(B/A) by Proposition 5.2. Thus, we find δ(Ck′, x) ≥ (p−1)/2.
This contradicts the assumption by Proposition 5.5. Hence A is regular. 
Remark 5.8. Theorem 5.7 is in some sense optimal; see Lemma 8.13 for the con-
struction of a non-smooth regular curve over an imperfect field which has a singular
point of geometric δ-invariant (p− 1)/2.
Remark 5.9. Theorem 5.7 is a classical result of Tate [53] if the sum over all δ-
invariants of C is strictly less than (p− 1)/2; see also [44]. Thus, our result is a slight
improvement over Tate’s result. In [46], Schro¨er gave a simple proof of Tate’s theorem.
Our proof, which is in terms of the local δ-invariants δ(C, x), relies ideas from work of
Patakfalvi and Waldron [37].
The upper semicontinuity of geometric δ-invariants is presumably well-known to the
experts. The following is all we need.
Proposition 5.10. Let U be a Noetherian integral scheme, and let η ∈ U be the
generic point. Let π : C → U be a flat family of proper and geometrically reduced
curves parameterized by U such that the generic fiber Cη is geometrically irreducible
over κ(η). Let u0 ∈ U be a closed point, let N be a non-negative integer, and assume
that the geometric δ-invariants of Cu0 are smaller than or equal to N at every closed
point. Then, there exists a non-empty open subset U ′ ⊂ U such that for every point
x ∈ U ′ (not necessarily closed) the geometric δ-invariants of the curve Cx⊗κ(x) κ(x)sep
over κ(x)sep are smaller than or equal to N at every closed point.
Proof. First, we show that the geometric δ-invariants of the curve Cη ⊗κ(η) κ(η)sep
over κ(η)sep are smaller than or equal to N at every closed point. By Proposition
5.5, we may assume U is the spectrum of a complete discrete valuation ring A, whose
residue field corresponds to the closed point u0 of U . Moreover, after replacing A by
a finite extension, we may assume that the normalization of Cη (resp. Cu0) is smooth
over κ(η) (resp. κ(u0)); see [EGAIV-4, Proposition 17.15.14]. Let π : C˜ → C be the
normalization morphism. As in the proof of Lemma 3.2, we have the following equality
of 1-cycles on C : π∗[(C˜ )u0 ] = [Cu0 ]; see [29, Theorem 7.2.18]. From this equality, we
see that (C˜ )u0 is generically reduced. Since (C˜ )u0 has no embedded points by [29,
Proposition 7.2.15 and Corollary 7.2.22], it follows that (C˜ )u0 is reduced. Let C˜u0 be
the normalization of Cu0 . By the above equality again, the normalization morphism
factors as C˜u0 → (C˜ )u0 → Cu0 . Thus, we have dimκ(u0)(F |Cu0 )x ≤ δ(Cu0, x) ≤ N for
every closed point x ∈ Cu0 . By considering a closed subscheme iZ : Z →֒ C such that
F comes from a coherent sheaf FZ on Z and Z = Supp(F ), the similar arguments
as in the proof of Proposition 4.15 show that the claim is true.
Next, we show that the just established result implies the existence of an open
subset U ′ ⊂ U as in the assertion. There is a flat morphism of finite type f : U ′′ → U ,
such that the normalization of C ×U U ′′ is smooth over U ′′. Since f is an open map,
we may assume that the normalization C˜ of C is smooth over U . Let π : C˜ → C
be the normalization morphism. Now, by considering F := π∗OC˜ /OC and a closed
subscheme iZ : Z →֒ C as above, similar arguments as in the proof of Proposition 4.15
show the existence of an open subset U ′ ⊂ U as desired. 
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6. The key lemma
In this section, we prove a lemma, which is used in the proof of Theorem 1.6 and
Theorem 1.1. This lemma is the technical heart of this article.
Lemma 6.1. Let k be an algebraically closed field k of characteristic p > 0. Let
X be a smooth, proper, and connected variety X over k with dim(X) ≥ 2 that is
dominated by a map from a family of rational curves, i.e., there exists a pair (π, ϕ)
as in Definition 3.1 (iv) such that dim(U) = dim(X)− 1 and ϕ : C → X is dominant.
Assume moreover that C and U are normal. Then, after possibly shrinking U , there
exists a commutative diagram
C //
ϕ
&&
π

C ′
s

// X
U
t
// U ′
satisfying the following conditions:
(i) C ′ and U ′ are normal and connected varieties over k.
(ii) s : C ′ → U ′ is a proper flat morphism, and t : U → U ′ is a finite morphism.
(iii) C → C ′ is a finite morphism.
(iv) k(C ′) is the separable closure of k(X) in k(C ).
(v) k(U ′) is algebraically closed in k(C ′).
(vi) For every closed point u′ ∈ U ′, s−1(u′)red is a (possibly singular) rational curve.
Lemma 6.2. Let X and Y be integral schemes of characteristic p > 0, and let f : X →
Y be a finite and dominant morphism. Assume that Y is normal and that f is purely
inseparable, i.e., the finite extension k(X)/k(Y ) of function fields induced by f is
purely inseparable. Then f is radicial.
Proof. We may assume that X and Y are affine, say, X := SpecA and Y := SpecB.
Since the extension k(X)/k(Y ) is finite and purely inseparable, there exists a positive
integer e ≥ 1, such that k(X)pe ⊂ k(Y ). Since A is integral over B and B is normal,
we have Ap
e ⊂ B. Let q be a prime ideal of B. It follows that p := √qA is the unique
prime ideal of A above q. Hence, SpecA→ SpecB is bijective. Let κ(p) and κ(q) be
the residue fields of p and q, respectively. Since Ap
e ⊂ B, we have κ(p)pe ⊂ κ(q), and
the extension κ(p)/κ(q) is purely inseparable. This concludes that f is radicial. 
Now, we shall prove Lemma 6.1. With the assumptions and notations as in Lemma
6.1, we can compactify U and C compatibly by the following claim.
Claim 6.3. There exists a commutative diagram
C


//
π

ϕ
%%
C
π

ϕ
// X
U 

// U
satisfying the following conditions:
(i) C is a normal, proper, and connected variety over k and C ⊂ C is an open
subset.
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(ii) U is a normal, proper, and connected variety over k and U ⊂ U is an open
subset.
Proof. Choose a compactification C ⊃ C . Replacing C by the Zariski closure of the
image of C → C ×X , we may assume that ϕ extends to a morphism ϕ : C → X . Take
a normal compactification U ⊃ U . Replacing C by the normalization of the Zariski
closure of the image of C → U × C , we may assume that C is normal and that π
extends to a morphism π : C → U . 
The next step is to shrink U and to replace C further in order to find a nice
factorization C → C ′ → X of ϕ. The rough idea is to take a proper and normal model
of the separable closure of the function field k(X) in k(C ). But the actual argument
given below is more involved because we also want to ensure that the intermediate
variety C
′
admits an open and dense subset C ′ ⊂ C ′ that is equipped with a fibration
s : C ′ → U ′ over a normal and connected variety U ′ such that for every closed point
u′ ∈ U ′, the reduced closed subscheme s−1(u′)red of the fiber s−1(u′) is a (possibly
singular) rational curve. The delicate point is that such a fibration might not exist if
we start from an arbitrary normal and proper model.
Let C
′
be the normalization of X in the separable closure of k(X) in k(C ). We
denote by ϕ′ : C → C ′ and ϕ′′ : C ′ → X the induced morphisms. Then, we have ϕ =
ϕ′′ ◦ ϕ′. The morphism ϕ′′ is finite and k(C ′)/k(X) is separable. On the other hand,
ϕ′ is a generically finite and proper morphism and k(C )/k(C
′
) is purely inseparable.
The morphism ϕ′ might not be flat. We now modify C and C
′
to obtain a flat mor-
phism as follows: we apply the flattening theorem of Raynaud-Gruson [39, The´ore`me
5.2.2]. (See also [11, Section 2.19].) Then, we obtain a proper and birational mor-
phism g′ : C
′
2 → C
′
such that the strict transform C 2 ⊂ C ×C ′ C
′
2 is flat over C
′
2. We
denote by ϕ′2 : C 2 → C
′
2 and g : C 2 → C the induced morphisms. Then, the following
diagram commutes:
C 2
ϕ′2
//
g

C
′
2
g′

C
ϕ′
// C
′ ϕ′′
// X.
Here, ϕ′2 : C 2 → C
′
2 is finite because it is proper, flat, and generically finite.
The varieties C 2 and C
′
2 might not be normal. Passing to normalizations, we find
normal and proper connected varieties C 3 and C
′
3 and a morphism ψ : C 3 → C
′
3 over
k and we obtain the following commutative diagram:
C 3
ψ
//
h

C
′
3
h
′

C 2
ϕ′2
//
g

C
′
2
g′

C
ϕ′
// C
′ ϕ′′
// X.
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Here, h and h
′
are proper birational morphisms. Since ϕ′2◦h is finite and h
′
is separated,
the morphism ψ is finite. Let us summarize the situation:
(i) C ,C
′
,C 3,C
′
3 are normal, proper, and connected varieties over k.
(ii) g, g′, h, h
′
are proper birational morphisms.
(iii) ϕ′2 and ψ are finite morphisms.
Since g ◦ h is an isomorphism outside a closed subset of codimension ≥ 2 in C ,
after removing its image in U from U , we may assume that the restriction C3 :=
(g ◦ h)−1(C ) → C of g ◦ h is an isomorphism. By Lemma 6.2, the morphism ψ is
radicial. Hence it is a homeomorphism. The image V ′ := ψ(C3) ⊂ C ′3 is open, and
the induced morphism ψ : C3 → V ′ is finite. We obtain the following diagram:
C ∼= C3 ψ //
π

V ′
ϕ′′◦g′◦h
′
// X
U
Shrinking U further, we may assume that U is affine. We set U ′ := SpecH0(V ′,OV ′).
By a lemma of Tanaka [52, Lemma A.1], U ′ is a normal connected variety over k
equipped with a proper surjective morphism s : V ′ → U ′ and a finite surjective mor-
phism t : U → U ′ such that the following diagram commutes:
C ∼= C3 ψ //
π

V ′
ϕ′′◦g′◦h
′
//
s

X
U
t
// U ′
By construction, we have s∗OV ′ ∼= OU ′. It follows that k(U ′) is algebraically closed
in k(V ′). For every closed point u′ ∈ U ′, the scheme s−1(u′)red is a (possibly singu-
lar) rational curve because it is dominated by a geometric fiber of π. After possibly
shrinking U ′ further, we may assume s is flat. Putting C ′ := V ′, all the assertions are
proved, which establishes Lemma 6.1.
7. Proof of the main theorems
In this section, we will prove Theorem 1.1 and Theorem 1.6. First, we will prove
Theorem 1.6, which actually follows from the following, more general result for maps
from a family of rational curves.
Theorem 7.1. Let k be an algebraically closed field k of characteristic p > 0. Let X
be a smooth, proper, and connected variety X over k with dim(X) ≥ 2. Assume that
there exists a pair (π, ϕ) as in Definition 3.1 (iv) satisfying the following conditions:
(i) dim(U) = dim(X)− 1,
(ii) ϕ : C → X is dominant, and
(iii) k(C ) ∩ k(X)sep is a separable extension of k(U) ∩ k(X)sep.
Moreover, we assume the pair (π, ϕ) satisfies at least one of the following conditions:
(iv) For every closed point u ∈ U , the δ-invariants of ϕ(Cu) are strictly less than
(p− 1)/2 at every closed point.
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(v) For every closed point u ∈ U , ϕ(Cu) is a local complete intersection rational
curve on X , all of whose Jacobian numbers are strictly less than p at every
closed point.
Then, X is separably uniruled and thus, X has negative Kodaira dimension.
Proof of Theorem 7.1. After possibly shrinking U , we may assume by Lemma 3.2
that the image W of C → U ×X is a flat family of rational curves. After replacing C
by the normalization of W and possibly shrinking U further, we may assume that C
and U are normal varieties and that the morphism ϕu : Cu → X is a generic immersion
for every closed point u ∈ U . After possibly shrinking U even further, there exists a
commutative diagram
C //
ϕ
&&
π

C ′
s

// X
U
t
// U ′
as in Lemma 6.1. We have k(U) ∩ k(X)sep = k(U) ∩ k(C ′) = k(U ′) since k(U ′) is
algebraically closed in k(C ′). Hence the extension k(C ′)/k(U ′) is separable by our
assumptions. After shrinking U ′ again, we may assume that the varieties C ′ and U ′
are smooth over k. By [2, Theorem 7.1], after shrinking U ′, the fibers s−1(u′) are
geometrically reduced for every closed point u′ ∈ U ′; see also [EGAIV-3, The´ore`me
12.2.4]. Shrinking U ′ again, we may assume that s : C ′ → U ′ is flat.
Now, we assume that the assumption (v) of Theorem 7.1 holds. By Proposition 4.9,
the Jacobian numbers of C ′u′ are also strictly less than p at every closed point. (The
fiber C ′u′ is a local complete intersection because it is the fiber of s : C
′ → U ′ and
both, C ′ and U ′, are smooth varieties.) Let K ′ := k(U ′) be the function field of U ′
and let K ′sep be a separable closure of K ′. Let C ′K ′ be the generic fiber of s : C
′ → U ′.
By Proposition 4.15, the Jacobian numbers of C ′K ′sep := (C
′
K ′) ⊗K ′ K ′sep are strictly
less than p at every closed point. Since C ′ is a smooth variety, it is regular. Hence,
the generic fiber C ′K ′ is regular. By [EGAIV-2, Proposition 6.7.4 (a)], C
′
K ′sep is also
regular. By Proposition 4.4, C ′K ′sep is smooth over K
′sep and therefore, C ′K ′ is smooth
over K ′. After replacing U ′ by an e´tale neighborhood, we may assume that C ′K ′ has a
K ′-rational point. Then, C ′K ′ is isomorphic to the projective line P
1
K ′ over K
′, see [2,
Lemma 11.8]. This implies that C ′ is birationally equivalent to P1 × U ′ over k. Since
k(C ′)/k(X) is separable, we conclude that X is separably uniruled, as desired.
When the assumption (iv) of Theorem 7.1 holds, we can argue similarly by us-
ing Theorem 5.7, Proposition 5.6, and Proposition 5.10 instead of Proposition 4.4,
Proposition 4.9, and Proposition 4.15, respectively. 
Next, we show how Theorem 7.1 implies Theorem 1.6.
Proof of Theorem 1.6. Assume that C ⊂ U ×X gives a family of rational curves
on X satisfying the assumptions of Theorem 1.6. We will show that C satisfies the
assumptions of Theorem 7.1 after possibly shrinking U . When the assumption (v) of
Theorem 1.6 holds, we have to show that, after shrinking U , for every closed point
u ∈ U , Cu is a local complete intersection rational curve on X , all of whose Jacobian
numbers at closed points are strictly less than p.
By the assumptions of Theorem 1.6, there exists a closed point u0 ∈ U such that Cu0
is a local complete intersection rational curve on X , all of whose Jacobian numbers
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at closed points are strictly less than p. Since the fibers of C → U is reduced, after
shrinking U , we may assume that, for every closed point u ∈ U , the Jacobian numbers
of Cu are strictly less than p at every closed point, by Proposition 4.15. Since Cu0 is
a local complete intersection, the generic fiber Cη is a local complete intersection over
κ(η) and hence, after shrinking U , we may assume that for every closed point u ∈ U ,
Cu is a local complete intersection rational curve.
When the assumption (iv) of Theorem 1.6 holds, by the same arguments as before,
we can show that, after shrinking U , for every closed point u ∈ U , the δ-invariants of
Cu are strictly less than (p− 1)/2 at closed points by using Proposition 5.10. 
Finally, we prove Theorem 1.1. This follows from the following more general result
for maps from a family of curves with rational components by Proposition 4.15 and
Proposition 5.10.
Theorem 7.2. Let k be an algebraically closed field k of characteristic p > 0. LetX be
a smooth, proper, and connected surface X over k. Let (π, ϕ) be a map from a family
of curves with rational components as in Definition 3.1 (vi) such that ϕ : C → X
is dominant. Moreover, we assume that at least one of the following conditions is
satisfied:
(i) dim(U) = 1, there exists a closed point u0 ∈ U such that ϕ|Cu0 : Cu0 → X
is a generic immersion, and the δ-invariants of ϕ(Cu0) are strictly less than
(p− 1)/2 at every closed point.
(ii) For every closed point u ∈ U , the δ-invariants of ϕ(Cu) are strictly less than
(p− 1)/2 at every closed point.
(iii) dim(U) = 1, there exists a closed point u0 ∈ U such that ϕ|Cu0 : Cu0 → X is a
generic immersion, and the Jacobian numbers of ϕ(Cu0) are strictly less than
p at every closed point.
(iv) For every closed point u ∈ U , the Jacobian numbers of ϕ(Cu) are strictly less
than p at every closed point.
Then X is separably uniruled and thus, X has negative Kodaira dimension.
Proof. We only show Theorem 7.2 under the assumption of condition (iii) or (iv)
because the proofs of the other cases are similar.
We first show that Theorem 7.2 under the assumption of condition (iv) implies
Theorem 7.2 under the assumption of condition (iii). To see this, assume that X,U,C
satisfy the condition (iii) of Theorem 7.2. Let η ∈ U be the generic point. Replacing
U by a finite covering of it, we may assume that U is a smooth and connected curve
and irreducible components of Cη are geometrically irreducible over κ(η). Then, we
replace C by an irreducible component that dominates X , and we letW := (π×ϕ)(C )
be the image of (π × ϕ)|C endowed with the reduced induced subscheme structure.
By Lemma 3.2 (ii), after replacing U by an open subset of U containing u0, we may
assume that the fiber pr−11 (u) is reduced for every u ∈ U . By Proposition 4.5 and
Proposition 4.15, after shrinking U further if necessary, we may assume that for every
closed point u ∈ U the Jacobian numbers of pr−11 (u) = ϕ(Cu) are strictly less than p
at every closed point. Therefore, X,U,C satisfy the condition (iv) of Theorem 7.2.
It remains to establish Theorem 7.2 under the assumptions of condition (iv). Assume
that X,U,C satisfy the conditions of Theorem 7.2 (iv). There is a curve C ⊂ U such
that the family C ×C U dominates X . Hence we may assume that U is a smooth
and connected curve over k. By Proposition 4.5, after replacing U by a finite covering
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of it, shrinking U , and replacing C by an irreducible component that dominates X ,
we may assume that C → U is a flat family of rational curves. Since X is a smooth
surface, ϕ(C )u is a local complete intersection for every closed point u ∈ U . Since U
is a curve, k(C )∩k(X)sep is a separable extension of k(U)∩k(X)sep; see [30, Theorem
2] (see also [2, Lemma 7.2]). Hence, X satisfies the assumptions of Theorem 7.1 which
implies that X is separably uniruled. 
8. Examples
In this section, we give some examples illustrating Theorem 1.1 and Theorem 1.6.
In particular, we show that these results are in some sense optimal and that naive
generalizations are false. We work over an algebraically closed field k of characteristic
p ≥ 0.
8.1. An easy corollary.
Corollary 8.1. Assume p > 0. Let X be a smooth, proper, and connected surface
of non-negative Kodaira dimension over k. Let C ⊂ X be a rational curve with
C2 +KX · C < p− 3. Then, C is topologically rigid.
Proof. By the adjunction formula [29, Theorem 9.1.37], the arithmetic genus of C
satisfies pa(C) < (p − 1)/2. This implies that we have δ(C, x) < (p − 1)/2 for every
closed point x ∈ C. Thus, C is topologically rigid by Theorem 1.1 and Corollary
1.3. 
8.2. Nodal and cuspidal curves. Let C be a reduced curve over k. If x ∈ C
is a closed point, the δ-invariant depends only on the completion ÔC,x. Indeed, if
(ÔC,x)
′ is the integral closure of ÔC,x in its total ring of fractions, we have δ(C, x) =
dimk(ÔC,x)
′/ÔC,x. The Jacobian number also depends only on the completion; see
Proposition 4.12 and Corollary 4.13. We leave the easy computations of the following
result to the reader.
Proposition 8.2. Let C be a reduced curve over k and let x ∈ C be a closed point.
(i) x ∈ C is a node (or ordinary double point) if we have ÔC,x ∼= k[[S, T ]]/(ST ).
(See [29, Chapter 7, Definition 5.13 and Proposition 5.15].) In this case, we
have δ(C, x) = 1 and jac(C, x) = 1.
(ii) x ∈ C is an ordinary cusp if we have ÔC,x ∼= k[[S, T ]]/(S2 + T 3). The δ-
invariant is δ(C, x) = 1. The Jacobian number depends on p = char(k) as
follows:
p = 0 p = 2 p = 3 p ≥ 5
jac(C, x) 2 4 3 2
(iii) Let F1, F2, F3 ∈ k[S, T ] be distinct linear forms over k. We put F = F1 ·F2 ·F3.
If we have ÔC,x ∼= k[[S, T ]]/ (F ), then we have δ(C, x) = 3 and jac(C, x) = 4.
Remark 8.3. There are several equivalent definitions of ordinary cusp singularities,
see for example, [48, p. 308, Definition 2.17], where basic properties of ordinary cusp
singularities are studied in arbitrary characteristic, including p = 2 and p = 3. We also
refer to [14] for the classification of simple curve singularities in arbitrary characteristic
p. There, ordinary cusps arise as singularities of type A2 (resp. A
0
2) when p 6= 2 (resp.
p = 2).
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Theorem 1.1 implies the following.
Corollary 8.4. Let X be a smooth, proper, and connected surface over k.
(i) If X contains a topologically non-rigid rational curve C ⊂ X such that every
singularity of C is a node, then X has negative Kodaira dimension.
(ii) If p ≥ 5 and X contains a topologically non-rigid rational curve C ⊂ X such
that every singularity of C is a node or an ordinary cusp, then X has negative
Kodaira dimension.
Remark 8.5. In characteristic 2 or 3, Corollary 8.4 (ii) does not hold in general,
because there exist quasi-elliptic surfaces of non-negative Kodaira dimension in these
characteristics. These contain topologically non-rigid cuspidal rational curves; see
Section 8.4 below.
8.3. Topologically non-rigid rational curves and supersingular surfaces. In
positive characteristic, there exist surfaces of non-negative Kodaira dimension contain-
ing topologically non-rigid rational curves. However, such surfaces have special prop-
erties: if ρ(X) denotes the Picard number and if b2(X) := dimQℓ H
2
e´t(X,Qℓ) (which
is independent of ℓ as long as ℓ 6= char(k)) denotes the second Betti number, then
Igusa’s inequality states that ρ(X) ≤ b2(X); see [19]. If X contains a topologically
non-rigid rational curve, then equality holds.
Proposition 8.6. Let X be a smooth, proper, and connected surface over an alge-
braically closed field k of characteristic p ≥ 0. Assume that X contains a topologically
non-rigid rational curve C ⊂ X . Then, X is uniruled and the equality ρ(X) = b2(X)
holds.
Proof. The assertion follows from Shioda’s results in [49] as follows. First, X is
uniruled by Proposition 3.3. Then there exists a dominant rational map P1×C 99K X
for a smooth and proper curve C over k. Since ρ(P1×C) = b2(P1×C) = 2, a theorem
of Shioda [49, Section 2, Lemma] implies ρ(X) = b2(X). (See also [3, Proposition
14].) 
Remark 8.7. A surface X in positive characteristic satisfying ρ(X) = b2(X) is called
Shioda-supersingular. By Proposition 8.6, every rational curve on a smooth, proper,
and connected surface that is not Shioda-supersingular is topologically rigid; see [26,
Section 9] for an overview of supersingular surfaces.
Remark 8.8. For K3 surfaces over an algebraically closed field k of characteristic
p > 0, there is another notion of supersingularity, which is due to Artin [1]: a K3
surface X is called Artin-supersingular if the height of its formal Brauer group B̂r(X)
is infinite. By the Tate conjecture for K3 surfaces [8, 21, 31, 32, 35, 36], these two
notions are equivalent. (In characteristic 2, see also [20].) See [18, Section 17 and
Corollary 17.3.7], [27] for details.
8.4. Quasi-elliptic fibrations. Arguably, the best-studied examples of families of
non-smooth rational curves moving on a surface are quasi-elliptic fibrations, i.e., fi-
brations X → C, whose geometric generic fiber is a rational curve with an ordinary
cusp singularity. Such fibrations can and do exist in characteristic 2 or 3. We refer to
[2, 4, 5] for results and a detailed analysis. For details on quasi-elliptic fibrations in
characteristic 3, we refer to [10, 25].
DEFORMATIONS OF RATIONAL CURVES 23
Example 8.9. Rudakov and Sˇafarevicˇ showed that every supersingular K3 surface X
over an algebraically closed field k of characteristic p such that p = 2, or p = 3 and
σ0(X) ≤ 6 admits a quasi-elliptic fibration; see [41, Theorem 1] and [42, Section 5].
Here, σ0 denotes the Artin-invariant as introduced by Artin in [1].
Example 8.10. We use the notation from Example 8.15 below: if n = 4 and p = 3,
then for a generic choice of [s0 : s1] the curve C[s0:s1] is a rational curve with an
ordinary cusp on the Fermat surface S4 of degree 4. The δ-invariant (resp. Jacobian
number) of the singular point of C[s0:s1] is 1 (resp. 3) by Proposition 8.2 (ii). Moreover,
the fibration S4 → P1 is quasi-elliptic and the line ℓ ⊂ S4 is a multisection of degree
3. We also note that S4 is isomorphic to the unique supersingular K3 surface with
Artin-invariant σ0 = 1 in characteristic 3.
Example 8.11. Let X → C be a quasi-elliptic fibration with a section over an alge-
braically closed field k of characteristic p = 3. The possible types of the fibers were
classified by Lang in [25, p. 479, Section 1.B]; see also [10, Proposition 5.5.9]. There
are four possibilities, where we use the notation in terms Kodaira-Ne´ron types as well
as the one from [10].
(i) (Type II, also denoted A˜∗∗0 ). This is the generic type. There exists an open
and dense subset U ⊆ P1, such that the fiber f−1(u) for every u ∈ U is of this
type. The fiber is a rational curve with one ordinary cusp, whose δ-invariant
(resp. Jacobian number) is 1 (resp. 3) by Proposition 8.2 (ii).
(ii) (Type IV , also denoted by A˜∗2). The fiber is the union of three smooth rational
curves intersecting at one point with three different tangent directions. The
δ-invariant (resp. Jacobian number) of the intersection point is 3 (resp. 4) by
Proposition 8.2 (iii).
(iii) (Type IV ∗, also denoted by E˜6). The reduced part of the fiber is the union of
seven smooth rational curves: three of them are reduced, three of them have
multiplicity 2, and one of them has multiplicity 3.
(iv) (Type II∗, also denoted by E˜8). The reduced part of the fiber is the union
of nine smooth rational curves: one of them is reduced, two of them have
multiplicity 2, two of them have multiplicity 3, two of them have multiplicity
4, one of them have multiplicity 5, and one of them has multiplicity 6.
In the degenerate cases (i.e., fibers of Type IV , IV ∗, or II∗), the reduced components
of the fibers are smooth rational curves. For a degenerate fiber of Type IV ∗ or II∗,
the reduced part of the fiber is a union of smooth rational curves with transversal
intersection. This does not contradict our results because most of the rational curves
in the fiber have multiplicities greater than 1. On every point x of a non-reduced curve
C, we have jac(C, x) =∞. There are infinitely many such points on a degenerate fiber
of Type IV ∗ or II∗.
Remark 8.12. Example 8.11 illustrates the following:
(i) δ-invariants and Jacobian numbers need not stay constant in a family of ra-
tional curves. For example, in a quasi-elliptic fibration in characteristic 3, the
general fiber C has one point x with jac(C, x) = 3. For a fiber C of type IV ,
there is one point x with jac(C, x) = 4. For a fiber C of type IV ∗ or II∗, we
have jac(C, x) =∞ for infinitely many points x.
(ii) By Corollary 8.4, the union of two smooth rational curves meeting transver-
sally on a smooth, proper, and connected surface of non-negative Kodaira
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dimension is topologically rigid. But the union of three smooth rational
curves intersecting at one point (such a curve is e´tale locally isomorphic to
XY (X + Y ) = 0) need not be, as fibers of type IV of quasi-elliptic fibrations
in characteristic 3 show. (However, we note that if the intersection has three
different tangent directions, then the intersection point has Jacobian number
4 in every characteristic and thus, this configuration would be topologically
rigid on a surface of non-negative Kodaira dimension in characteristic p ≥ 5.)
(iii) A configuration of curves, such that the reduced part is a transverse intersec-
tion of smooth rational curves, but which has components of multiplicity at
least 2, may not be topologically rigid on a smooth, proper, and connected
surface of non-negative Kodaira dimension: fibers of type IV ∗ and II∗ in
quasi-elliptic fibrations in characteristic 3 provide examples.
8.5. Topologically non-rigid rational curves with large δ-invariants and Ja-
cobian numbers. In this subsection, we will see that in characteristic p ≥ 3, there
exist surfaces of non-negative Kodaira dimension that contain topologically non-rigid
rational curves that have precisely one singular point, which is of δ-invariant (resp.
Jacobian number) equal to (p − 1)/2 (resp. p). Thus, Theorem 1.1 is in some sense
optimal.
We start with an auxiliary result, which shows that also Theorem 4.10 and Theorem
5.7 are in some sense optimal.
Lemma 8.13. Let k be a field of characteristic p ≥ 3. Let K := k(t) be the field of
rational functions over k of the variable t. Then, there exists a proper curve C over
K satisfying the following three conditions:
(i) C has a unique singular point, whose geometric δ-invariant (resp. Jacobian
number) is (p− 1)/2 (resp. p),
(ii) C is a regular scheme, and
(iii) CKalg := CK ⊗K Kalg is a rational curve over Kalg.
In particular, the bound of Theorem 4.10 is optimal.
Proof. We consider the two affine curves C1 : Y
2 = Xp+ t and C2 : Y
′2 = X ′+ tX ′p+1
over K. From these, we obtain a curve C over K by gluing the two curves C1 and
C2 via the isomorphism {X 6= 0 } ∩ C1
∼=−→ {X ′ 6= 0 } ∩ C2 that is defined by
X 7→ 1/X ′ and Y 7→ Y ′/X ′(p+1)/2; see [29, Proposition 7.4.24]. Moreover, gluing the
two morphisms C1 → SpecK[X ], (X, Y ) 7→ X and C2 → SpecK[X ′], (X ′, Y ′) 7→ X ′,
we obtain a finite morphism C → P1K . In particular, the curve C is proper over K. The
curve C is regular, but it is not smooth over K; see also [17, Chapter II, Exercise 6.4].
The closed point x ∈ C1 corresponding to the maximal ideal (Xp+ t, Y ) ⊂ K[X, Y ] is
the unique singular point of C. It is easy to see that C satisfies all the conditions of
the lemma. 
We now construct a surface Y of general type over k that contains a topologically
non-rigid rational curve, which has one singular point of δ-invariant (resp. Jacobian
number) equal to (p − 1)/2 (resp. p). In fact, these constructions are inspired by
Raynaud’s counterexamples to the Kodaira vanishing theorem in positive characteristic
from [38, Section 3.1].
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Proposition 8.14. Let k be an algebraically closed field of characteristic p ≥ 3.
Then, there exists a smooth, projective, and connected surface Y over k satisfying the
following conditions:
(i) The Kodaira dimension of Y satisfies κ(Y ) ≥ 1. If p ≥ 5, then we may even
assume κ(Y ) = 2, i.e., Y is a surface of general type.
(ii) Y contains a topologically non-rigid rational curve C ⊂ Y , and
(iii) C has a unique singular point, whose δ-invariant (resp. Jacobian number) is
equal to (p− 1)/2 (resp. p).
Proof. Let C be the proper curve over K = k(t) from Lemma 8.13. There exists
a smooth, projective, and connected surface X over k together with a proper flat
morphism X → P1, whose generic fiber satisfies X ×P1 SpecK ∼= C. We choose a
smooth and projective curve S of genus g(S) ≥ 2 and a generically e´tale morphism
S → P1. Let Y → X ×P1 S be a resolution of singularities of X ×P1 S. Then, the
generic fiber of Y → S is isomorphic to Ck(S). By [23, Proposition 2.2] and the proofs
of Proposition 4.15 and Proposition 5.10, there exists an open and dense subset U ⊂ S
such that for every closed point u ∈ U , the fiber Yu is a rational curve over k, and
the fiber Yu has a unique singular point and its δ-invariant (resp. Jacobian number) is
(p− 1)/2 (resp. p). Since g(S) ≥ 2, the Kodaira dimension of S is equal to κ(S) = 1.
If p = 3, then the arithmetic genus of C is equal to pa(C) = 1 and if p ≥ 5, then
we even have pa(C) ≥ 2. Thus, we find κ(Y ) ≥ 1 (resp. κ(Y ) = 2) if p ≥ 3 (resp. if
p ≥ 5) by a characteristic-p version of Iitaka’s C1,1-conjecture; see [9, Theorem 1.3] for
example. 
8.6. Topologically non-rigid rational curves on Fermat surfaces. In this sub-
section, we discuss topologically non-rigid rational curves on Fermat surfaces in char-
acteristic p > 0. Let Sn ⊂ P3 be the Fermat surface of degree n in P3 defined by
Xn − Y n + Zn −W n = 0. The signs of the defining equation are chosen so that it is
easier to write down a line on Sn; see Example 8.15 below. The surface Sn is smooth
if and only if p does not divide n, which we will assume from now on. If n ≤ 3, then
Sn is a rational surface, S4 is a K3 surface, and if n ≥ 5, then Sn is a surface of general
type. In particular, if n ≥ 4, then Sn has non-negative Kodaira dimension. On the
other hand, Shioda showed that Sn is unirational if there exists an integer ν such that
pν ≡ −1 (mod n); see [49, Proposition 1].
Example 8.15. Assume p ≥ 3. The Fermat surface Sn ⊂ P3 contains the line ℓ
defined by X − Y = Z −W = 0. Let
H[s0:s1] = { s0(X − Y ) + s1(Z −W ) = 0 }, [s0 : s1] ∈ P1k
be the pencil of planes in P3 containing the line ℓ. Then, H[s0:s1] ∩ Sn is equal to
the union of ℓ and a curve C[s0:s1], which is a plane curve of degree (n − 1) inside
H[s0:s1]
∼= P2. The above pencil gives rise to a fibration Sn → P1, whose fiber over
[s0 : s1] ∈ P1 is equal to C[s0:s1]; see also [2, Exercise 7.4]. Assume n = p + 1.
For a generic choice of [s0 : s1], the curve C[s0:s1] is a rational curve, which has a
unique intersection point with ℓ, in which the curve has a singularity. The intersection
multiplicity of ℓ with C[s0:s1] in this point is equal to p and the line ℓ defines a degree-p
multisection of the fibration Sn → P1. The rational curve C[s0:s1] ⊂ Sp+1 ⊂ P3 has
its singular point at [X : Y : Z : W ] = [s
1/p
0 : s
1/p
0 : s
1/p
1 : s
1/p
1 ]. By an explicit
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calculation, which we omit, its δ-invariant (resp. Jacobian number) is (p− 1)(p− 2)/2
(resp. p(p− 2)).
Remark 8.16. The above mentioned results of Shioda [49] on the unirationality of
Fermat surfaces have been generalized to Delsarte surfaces by Katsura and Shioda
[51]. In [28], these have been used by Schu¨tt and the third named author to construct
unirational surfaces on the Noether line for most values of pg and in most positive
characteristics p.
8.7. Topologically non-rigid rational curves that are not contained in some
fibration. We will give examples of families of singular rational curves that are not
contained in some fibration, whose geometric generic fiber is a rational curve.
Lemma 8.17. Let k be an algebraically closed field of characteristic p > 0. Let
f : X → Y be a dominant morphism of smooth, proper, and connected surfaces
over k, such that the induced extension of function fields k(Y ) ⊂ k(X) is purely
inseparable. Then, the induced morphism πe´t1 (X) → πe´t1 (Y ) of e´tale fundamental
groups is an isomorphism.
Proof. There exists an open subset V ⊂ Y such that f−1(V )→ V is finite and Y \V
consists of finitely many closed points. The induced morphism πe´t1 (V ) → πe´t1 (Y ) is
an isomorphism by [SGA1, Corollaire X.3.3]. The induced morphism πe´t1 (f
−1(V )) →
πe´t1 (V ) is an isomorphism by Lemma 6.2 and [SGA1, The´ore`me IX.4.10]. Since X is
normal, the induced morphism πe´t1 (f
−1(V )) → πe´t1 (X) is surjective. Therefore, the
induced morphism πe´t1 (X)→ πe´t1 (Y ) is an isomorphism. 
Lemma 8.18. LetX be a smooth, proper, and connected surface over an algebraically
closed field k and assume that the e´tale fundamental group πe´t1 (X) is finite, but non-
trivial. Then, neither X nor any smooth, proper, and connected surface that is bira-
tionally equivalent to X , admits a fibration, whose geometric generic fiber is a rational
curve.
Proof. Assume that there exists a smooth, proper, and connected surface Y that is
birationally equivalent to X and such that Y admits a fibration Y → B, where B is
a smooth and proper connected curve, and whose geometric generic fiber is a singular
rational curve. As in the proof of (ii) ⇒ (i) of Proposition 3.3, there exists a purely
inseparable covering C → B such that the normalization Z of the induced fibration
Y ×B C → C is generically a P1-bundle. Let Z˜ → Z be a resolution of singularities.
The induced composition f : Z˜ → Y is dominant and induces an extension of function
fields k(Y ) ⊂ k(Z˜) that is finite and purely inseparable. By Lemma 8.17, we have
πe´t1 (Z˜)
∼= πe´t1 (Y ). By birational invariance of the fundamental group [SGA1, Corollaire
X.3.4], we have πe´t1 (Y )
∼= πe´t1 (X). Therefore, we have πe´t1 (Z˜) ∼= πe´t1 (X). Hence, πe´t1 (Z˜)
is a finite and non-trivial group. In particular, the first Betti number of Z˜ satisfies
b1(Z˜) = 0. Passing to Albanese varieties and using their universal properties, we
conclude C ∼= P1. Thus, Z˜ is a rational surface. This implies that πe´t1 (Z˜) is trivial by
[SGA1, Corollaire XI.1.2], a contradiction. 
Remark 8.19. If X → Y is a finite e´tale morphism between smooth and projective
varieties, then X is unirational if and only if Y is unirational; see [50, Lemma 4].
Example 8.20. Let Sn ⊂ P3 be the Fermat surface of degree n over an algebraically
closed field k of characteristic p ≥ 3 with p ∤ n. Let m ≥ 4 be a divisor of n and
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let ζ = ζm be a primitive m.th root of unity. The µm-action [X : Y : Z : W ] 7→
[X : ζY : ζ2Z : ζ3W ]. restricts to a fixed point free action of µm on Sn. The
quotient Yn,m := Sn/µm is a smooth, projective, and connected surface over k with
e´tale fundamental group πe´t1 (Yn,m)
∼= Z/mZ. Thus, if there exists an integer ν such
that pν ≡ −1 (mod n), then
(i) Yn,m contains a topologically non-rigid rational curve C, but
(ii) C is not the fiber of a fibration of Yn,m, or of any smooth, proper, and con-
nected surface birationally equivalent to Yn,m, whose geometric generic fiber
is a rational curve.
For example, if m = n = 5 and p 6= 5, then Y5,5 is the classical Godeaux surface. This
surface is unirational if and only if p 6≡ 1 (mod 5); see [49, Lemma 3].
8.8. Higher dimensional counterexamples. Finally, we give some examples that
show that a naive generalization of Theorem 1.1 (namely, omitting the separability
condition (iii) in Theorem 1.6) to higher dimensions fails, even if we assume that the
topologically non-rigid rational curve C is smooth. This is related to the following
non-reducedness phenomenon in characteristic p > 0: if the target of a fibration
between smooth varieties has dimension ≥ 2, then the geometric generic fiber may
be non-reduced. Such wild fibrations and wild conic bundles have been constructed
and studied, for example in [22, 34, 43, 45]. Our examples of varieties given below
were inspired by Sato’s threefolds from [43]. A special case in characteristic 2 was also
studied by Kolla´r in [22, Example 4.12] and [23, Chapter IV, Exercise 1.13.5].
Proposition 8.21. Let k be an algebraically closed field of characteristic p > 0 and
let n ≥ 3 be an integer. Then, there exist a smooth, projective, and connected
variety X of dimension n over k, a smooth and connected variety U over k with
dim(U) = dim(X)−1, and a closed subvariety C ⊂ U×X (with projections π : C → U
and ϕ : C → X) satisfying the following conditions:
(i) X is not separably uniruled,
(ii) C ⊂ U ×X gives a family of rational curves on X (see Definition 3.1 (iii)),
(iii) ϕ : C → X is dominant, and
(iv) for every closed point u ∈ U , ϕ(Cu) is a smooth rational curve on X .
Proof. First, we consider the case n = 3. In this case, the existence such a smooth
and projective threefold X follows from work of Sato [43]: letX be a three-dimensional
example as stated in [43, p. 448, Theorem] (the construction is explained on p. 458,
at the beginning of Section 5 of [43]). In our situation, we can discard the condition
p < (n+ 3)/2 from [43, p. 448, Theorem], since this is necessary for X to also satisfy
the property (NC) (introduced in [43, p. 447] and proved in [43, p. 460, Step 2]), which
we do not require. A family of rational curves C ⊂ U×X , such that ϕ(Cu) is a smooth
rational curve on X for every closed point u ∈ U is provided by the lines L from [43,
p. 460, Step 2].
If n ≥ 4, then we take a threefold X as above. We choose a smooth, projective, and
connected curve C of genus g ≥ 1 over k. By Lemma 2.3, the product X×C × · · · × C︸ ︷︷ ︸
(n−3) factors
yields an n-dimensional example that satisfies the properties of Proposition 8.21. 
Remark 8.22. From the construction given in [43], one easily sees that k(C )∩k(X)sep
is not a separable extension of k(U) ∩ k(X)sep, i.e., condition (iii) of Theorem 1.6 is
not satisfied.
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